GEOMETRY OF GENERATING FUNCTIONS AND 
LAGRANGIAN SPECTRAL INVARIANTS 

YONG-GEUN OH 

Abstract. Partially motivated by the study of topological Hamiltonian dy- 
namics, we prove various C°-aspects of the Lagrangian spectral invariants and 
the basic phase functions fjj, that is, a natural graph selector constructed by 
Lagrangian Floer homology of H (relative to the zero section ojv)- In partic- 
ular, we prove the inequality p lag (H; 1) > max/g and a C°-continuity result 
of the Lagrangian spectral capacity 

l(<t>H(»N)) ■■= p la3 (H; 1) - p la »(H; [pt]*) 

which reads that 7(</>jj(ojv)) — > as osc^o (<i>\[ i ojv) ~* 0. We also prove 
that the micro-support of the singular locus Sing(o-j^) of fn is ruled by affine 
lines conormal to the top stratum of Sing(<7ff). Then using this structure 
theorem, we define the notion of cliff-wall surgery (for generic H's) which 
replaces multi- valued Lagrangian graph <t>\j(o]sf) by a rectifiable Lagrangian 
cycle that is canonically constructed out of the single valued branch Sj/ := 
Graph dfu C 4>\j (°JV ) associated to the graph selector fn . 
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1. Introduction 



We always assume that the ambient manifolds M or N are connected throughout 
the entire paper. 

1.1. Hamiltonian topology. In |OMj . Miiller and the author introduced the no- 
tion of Hamiltonian topology on the space 



of Hamiltonian paths A : [0,1] — > Symp(M,uj) with A(i) = <^ H for some time- 
dependent Hamiltonian H. We would like to emphasize that we do not assume 
that H is normalized unless otherwise said explicitly. This is because we need to 
consider both compactly supported and mean-normalized Hamiltonians and suit- 
ably transform one to the other in the course of the proof of the main theorems 
of this paper. One novelty of the present paper is an extensive and careful usage 
of the normalization constants of the Hamiltonian which naturally arise in various 
contexts in the course of the proof of the main theorems. It turns out that this 
analysis of the normalization constants is one of the crucial elements in the proofs 
of various results in the present paper. 

In this subsection, we first recall the definition of this Hamiltonian topology. 

We start with the case of closed (M , u>) . For a given continuous function h : 
M -> M, we denote 



We define the C°-distance d on Homeo(M) by the symmetrized C°-distance 



V ham (Symp(M,u}),id) 



osc(/i) = max ft, — min h. 




te[o,i] 

The Hofer length of Hamiltonian path A = <pn is defined by 
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Following the notations of OM , we denote by 4>h the Hamiltonian path 

(f> H : 1 1-> [0,1] ->• Ham(M,uj) 
and by Dev(A) the associated normalized Hamiltonian 

Dev(\):=H, \ = <j) H (1.1) 

where H_ is defined by 

H(t, x) = H(t, x) - 1 f H(t, x) uj n . (1.2) 
voL(M) J M 

We normalize u> so that vol w (M) = J M ^ n = 1 but do not remove the normalizing 
factor vq1 to make the meaning of H_ more conspicuous. 

Definition 1.1. Let (M, u>) be a closed symplectic manifold. Let A, /i be smooth 
Hamiltonian paths. The Hamiltonian topology is the metric topology induced by 
the metric 

dhum{\^) ■= d(X,n) +leng(A~V)- (1-3) 
Now we recall the notion of topological Hamiltonian flows and Hamiltonian 



homcomorphisms introduced in OM . 

Definition 1.2 (L^ 1,00 ) topological Hamiltonian flow). A continuous map A : R — » 
Homeo(M) is called a topological Hamiltonian flow if there exists a sequence of 
smooth Hamiltonians Hi : K x M — > R satisfying the following: 

(1) 4>Hi — > A locally uniformly on R x M. 

(2) the sequence Hi is Cauchy in the L^ 1 ' 00 ' -topology locally in time and so 
has a limit H^ lying in L^ 1 ' 00 ) on any compact interval [a, b]. 

We call any such 4>H i or 7?^ an approximating sequence of A. We call a continuous 
path A : [a, b] — > H omeo(M) a topological Hamiltonian path if it satisfies the same 
conditions with R replaced by [a,b], and the limit L ( 1: 00 ) -function iioo called a 
oo) topological Hamiltonian or just a topological Hamiltonian. 

Following the notations from |OMj . we denote by Sympeo(M,uj) the closure of 
Symp(M,uj) in Homeo(M) with respect to the C°-metric d, and by H m ([0, 1] x 
M, R) the set of mean-normalized topological Hamiltonians, and by 

ev x : V[ Q a ^(Syrnpeo(M,uj),id) -> Sympeo(M,u),id) (1.4) 

the evaluation map defined by e^i(A) = A(l). By the uniqueness theorem of Buhovsky- 
Seyfaddini [BS] (see also jV2] for the C°-context), we can extend the map Dev given 
in (fTTTj) to 

Dw : V^x\(Sympeo(M,u),id) -> ^([0,1] x M,R) 

in an obvious way. Following the notation of }OM| IOh7j , we denote the topological 
Hamiltonian path A = cf>n when Dev(A) = H_ in this general context. 

Definition 1.3 (Hamiltonian homeomorphism group). We define 

Hameo{M,uj) = ev x (v^(Sympeo(M,ui),id) 
and call any element therein a Hamiltonian homcomorphisms. 
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The group property and its normality in Sympeo(M,u>) are proved in |OM) . 

In |OMj . only the (strong) Hamiltonian topology given in Dehnition ll.ll is studied 
except at Remark 3.27 [OM . It appears that the weak Hamiltonian topology, which 
is induced by the metric on the path space V^ a ™(Sympeo(A'l, w), id) 

Cam (A,M) := dco(A(l),/x(l)) +leng(A-V), (1-5) 

seems to also play some significant role in the study of C° symplectic topology in 
relation to Lagrangian submanifolds especially on the cotangent bundle. 

All the above definitions can be modified to handle the case of open manifolds, 
either noncompact or compact with boundary, by considering compactly supported 
H's as done in section 6 |OMj . Our main interest of noncompact case is the cotan- 
gent bundle T*N where N is a closed manifold. 

1.2. Lagrangian spectral invariants. Let N be a compact manifold without 
boundary and let T*N be its cotangent bundle equipped with 6 the Liouville one- 
form defined by 

0x(&) =?(*!■(£,,)), x= (q,p) GT*N. 
The canonical symplectic form ujq on T*N is defined by 

n 

ujq = -de = ^dq k A dp k (1.6) 
fc=i 

where (q 1 , . . . , q n ,pi, ■ ■ ■ ,p n ) is the canonical coordinates of T*N associated to the 
coordinates (q , . . . , q n ) of N. We put a density pn on ojv (or a volume form when 
N is oriented), i.e., consider ojv as a weighted Lagrangian submanifold (on,Pn) in 
the sense of Weinstein [W] . 

Consider Hamiltonian H — H(t, x) such that H t is asymptotically constant, i.e., 
the ones whose Hamiltonian vector field Xh is compactly supported. We define 

supp asc H = suppXff := (J X H f 

te[o,i] 

For each given compact set K C T*N and R £ R+, we define 

VCr,k = {H € C°°([0, 1] x T*N, K) | sup Posc H c D R (T*N),\\H\\ < K] (1.7) 
which provides a natural filtration of the space C°°([0, 1] x T*N, M). We also denote 

VCt = |J VC^ R , VCZ C = (J VCr- (1-8) 

By definition, each element H t is independent of x — (q,p) if \p\ is sufficiently large 
and so carries a smooth function : [0, 1] — > R defined by 

Coo(t) = H(t, oo). 

Therefore we have the natural evaluation map 

7r oo :POS c ->C oo ([0 s l],R). 

For each given smooth function c : [0, 1] — > R, we denote 

rC™ c . c :=n^(c). (1.9) 

We then introduce the space of Hamiltonian deformations of the zero section and 
denote 

3 5 o(on;T*N) - {(j) l H {o N ) | H 6 VC£ C } 
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following the terminology of |W], and 

3so(o N ;D R (T*N)) := {^ H (o N ) \ H e VC%}. 

Definition 1.4. We define the Hamiltonian topology on 3so(on', D r (T* N)) as the 
quotient topology of the weak Hamiltonian topology of , p ham (Symp D n (T*N, uj),id) 
under the surjective map (\>h >-> 4> H (Lo) where D R = D R (T*N). Then we equip 

3so(o N ;T*N) = lim 3so{o N ; D R (T*N)) 

R— >oo 

with the direct limit topology of the Hamiltonian topology of 3so(on; D r (T* N)). 

For any given time-dependent Hamiltonian H = H{t,x), the classical action 
functional on the space 

P(T*N) := C°°([0,1],T*N) 

is defined by 

Ai(j) = J \*6 -J H(t n (t))dt. 

We define the subset V{T*N; o N ) by 

V(T*N; o N ) = { 7 : [0, 1] -> T*N \ 7 (0) £ o N }. 
The assignment 7 h-> 7r(7(l)) defines a fibration 

P(T*N; o N ) -> o N = N 

with fiber at q 6 N given by 

V(T*N; o N ,T;N) := { 7 : [0, 1] -> T*7V | 7 (0) S OA r, 7 (1) £ T ? *7V}. 
For given a; G , we denote the Hamiltonian trajectory 

^(t) = <t> t H {(<t> 1 H )-Hx)) 

which is a Hamiltonian trajectory such that, by definition, 

z R (0)€o N , zf(l)=x. (1.10) 

We denote Lh = 4>h{ n) an d by in : i/f ^-s> T*N the inclusion map. 
Motivated by Weinstein's observation that the action functional 

Ai :V{T*N-o N ) 

can be interpreted as the canonical generating function of Lh, the present author 
constructed a family of spectral invariants of Lh by performing a mini-max theory 
via the chain level Floer homology theory in |Oh2[ [Oh3 . Indeed, the function 
defined by 

h H (x)=A$(z?) (1.11) 
is a canonical generating function of Lh in that 

i* H 8 = dh H - (1.12) 

We call fin the basic generating function of Lh- As a function on N, not on Lh, it is 
a multi- valued function. Similarly, one may regard N — > 4>h{°n) as a multi- valued 
section of T*N. 

By considering the moduli space of solutions of the perturbed Cauchy-Riemann 
equation 

+ =Q (L13) 

I u(t, 0), u(t, 1) <E o N , 
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and applying a chain-level Floer mini-max theory, the author |Oh3] defined a homo- 
logically essential critical value, denoted by p(H; a) associated to each cohomology 
class a £ H*(N). (A similar construction using the generating function method 
was earlier given by Viterbo |V1] and it is shown in [M] IMOj that both invariants 
coincide modulo a normalization constant.) The number p(H ; a) depends on H, 
not just on Lh = 0#(ojv) 

1.3. Statement of main results. The following Hamiltonian continuity result is 
the Lagrangian analog to Corollary 1.2 of |Sey| . Denote the maximum C°-oscillation 
of Ojv under the Hamiltonian diffeomorphism <p by 

osc^o (</>; Off) :=max< max d(<f>(x), x), max d{(f)~ 1 {x) 1 x) > . (1-14) 

\x£o N x£o N J 

Theorem 1.1 (Theorem 19. ip . Let (M,ui) be an arbitrary closed symplectic mani- 
fold. Let Aj = (pFi where Fi — Fi(t,x) be a sequence of smooth Hamiltonians such 
that 

(1) there exists R > such that suppXf^ C D R (T*N) for all i and s £ [0, 1]. 

(2) There exists a closed ball B C N such that supp 4>Fi H ob = for all i 's. 

(3) There exists a tubular neighborhood T D Ob such that <f)jj, = id on T for 
all i 's. 

(4) oscc7o (c(> F . ; ojv) ~> as i — » co. 
Then lim^oo (p(F i5 1) - p(F i5 [pt]#)) = 0. 

We would like to remark that the condition (3) above automatically satisfies 
for the Lagrangianization Graph <f> F , of the sequence of Hamiltonians Fi since 
Graph0j>. = </>_F iffi0 (A) and 0Fi©o = id on B x M if ^ = id on B. 

It turns out that the differences of two spectral invariants like p lag (F;l) — 
p lag (F; [pt]*) do not depend on the choice of normalization. Therefore we can 
define 

7 (L;ojv) :=p la9 (F;l)-p(F;[pt]#) 

unambiguously which we call the spectral capacity of L (relative to the zero section 
on). (See [VI] . ]Oh3] .) We would like to emphasize that a priori it is possible 
that both p lag (F; 1) and p la9 (F; [pt}#) can have the same sign. This phenomenon 
is quite a nuisance when one handles the spectral numbers themselves. Because of 
this, this theorem itself does not tell much about the individual number p lag {Fi \ 1) 
e.g., it does not imply lim^oo p lag (Fi; 1) = 0. 

To properly handle the individual number p lag (F;l) and relate it to the La- 
grangian submanifold Lf = ^(ojv) itself, not just to F, we need to put an addi- 
tional normalization condition relative to Lf- In this regard, it is useful to take 
the point of view of weighted Lagrangian submanifolds (L,pn) introduced in [Wj . 
where pn is a probability density on N . Using this pN, we can put a normalization 
condition with respect to the chosen measure which is the Lagrangian analog to 
the mean-normalization of Hamiltonians 

f F(t,x)uj n = 0. 

The next result concerns an enhancement of the construction of basic phase function 
fn carried out in Oh2] in the level of topological Lagrangian embedding. This 
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is a graph selector constructed via Lagrangian Floer homology. Then the map 
a F ■ N \ Sing(CTF) T* N defined by 

a F (q) := df F (q) 

selects a single valued branch of 4> f {on) on the open subset N \ Sing(crp) of full 
measure when we regard (/) f (on) as a multi-valued section N — > T*N. We call a F 
basic Lagrangian selector of cj>p(ojsr). In turn the pair (<jf 5 If) selects a single valued 
branch of the wave front of <j> F (on) which lies in the one-jet space J 1 (N) = T*N x R. 

Theorem 1.2. Suppose Fi —> F in Hamiltonian topology and denote Li = <j) F . (ojv)- 
Then (<7F;,/p;) converges uniformly in J 1 (N), whose limit defines a single-valued 
continuous section of J l (M) on N \ Sing((7F). 

Here we define 

Sing(crF) := {qe N \ f H is not differentiable at q } 

and call it the singular locus of fn- It follows from definition that Sing(cTF) is a 
subset of the so called Maxwell set of the Lagrangian projection 4>f(°n) — > N. (See 
|Gl|IA3[[ZRj for detailed study of the Maxwell set.) We first note that for a generic 
choice of F, Sing(crp) is decomposed into the union of smooth manifolds 

n 

Sing(er F ) = (J S k (a F ) 
k=l 

where Sk{o~F) is the stratum of codimension k in N. Along each connected com- 
ponent of the codimension one strata Si(ctf), ^f has two branches. We denote 
by f F the restrictions of fp in a neighborhood of the component in each branch 
respectively. 

The next theorem concerns the structure of Sing(f7i?) in the micro-local level. 
Theorem 1.3 (Theorem |6T|). Let q G Si(F). Then 

df F (q)-df+(q)^T* q N, 
which is contained in the conormal space v*[S\{o~f)] N] C T*N. 

In dimension 2, we can precisely define the notion of cliff-wall surgery, which 
replaces the multi- valued graph (f> F (opf) by a rectifiable Lagrangian cycle. A finer 
structure theorem is needed to perform similar surgery in higher dimension which 
will be studied elsewhere. It appears to the author that these results seem to carry 
some significance in relation to C°-symplectic topology and Hamiltonian dynamics, 
which may be worthwhile to pursue further in the future. 

Finally we prove the following inequality between the basic phase function and 
the Lagrangian spectral invariants. 

Theorem 1.4 (Theorem 18. ip . For any F, we have 

max/ F <p tes (F;l). 

Its proof uses a judicious usage of the triangle product in Lagrangian Floer 
homology [Oh3, Sc. lFOOOl] after a careful consideration of normalization problem 
in section 17.41 We would like to emphasize that the issue of normalization problem 
concerning p lag (F; 1) is a delicate one when one would like to regard p lag (F; 1) as an 
invariant attached to the Lagrangian submanifold itself, not just to the Hamiltonian 
F. 
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The research performed in this paper is partially motivated by the study of 
topological Hamiltonian dynamics and its applications to the problem of simpleness 
question on the area-preserving homeomorphism group of the 2-disc. It should also 
be regarded as a natural continuation of the author's study of Lagrangian spectral 
invariants performed in |Oh2) . 

We thank F. Zapolsky for attracting our attention to the preprint [MVZj from 
which we have learned the Lagrangian version of the optimal triangle inequality, 
and S. Seyfaddini for sending us his very interesting preprint |Sey| , which greatly 
helps us in proving the Hamiltonian continuity of Lagrangian spectral capacity. We 
also thank A. Givental for many enlightening e-mail communications concerning the 
structure of Maxwell set, Proposition 16.21 and the cliff- wall surgery. 



We follow the conventions of |Oh61 IOh7j for the definition of Hamiltonian vector 
fields and action functional, and others appearing in the Hamiltonian Floer theory 
and in the construction of spectral invariants on general closed symplectic manifold. 
They are different from e.g., those used in [Pol IEP] one way or the other, but 



(1) We usually use the letter M to denote a symplectic manifold and N to 
denote a general smooth manifold. 

(2) The Hamiltonian vector field Xh is defined by dH = ui(Xjj, •)• 

(3) The flow of Xh is denoted by <pn : t <fi H and its time-one map by 
4> H E Ham(M,ui). 

(4) We denote by z q H {t) — <fi H (q) the Hamiltonian trajectory associated to the 
initial point q. 

(5) We denote by z^(t) — the Hamiltonian trajectory associ- 
ated to the final point x. 

(6) H(t,x) = —H(t,<f> H (x)) is the Hamiltonian generating the inverse path 



(7) The canonical symplectic form on the cotangent bundle T*N is denoted by 
ujq = —dO where 9 is the Liouville one-form which is given by 9 = '^ /i Pi dq l 
in the canonical coordinates (q , ■ ■ ■ , g n ,pi, ■ ■ • ,p n )- 

(8) The classical Hamilton's action functional on the space of paths in T*N is 
given by 



J Jo 

(9) We denote by on the zero section of T*N. 

(10) We denote p lag (H;a) the Lagrangian spectral invariant on T*N (relative 
to the zero section on) defined in [Qh2| for asymptotically constant Hamil- 
tonian H on T*N. 

(11) We denote by fjj the basic phase function and its associated Lagrangian 
selector by an ■ N — > T*N given by irjj(g) = dfu{q) at which dfu{q) exists. 

(12) (p H — (4>\f)~ 1 o o~h ■ on — > on is the measurable map associated to the 
Lagrangian selector oh- 

(13) E ff = Im<T H C ^ H {o N ) and U{H H ) = (^)- 1 (S ff ) C o N . 

(14) <jp dd is the basic Lagrangian cycle. 



Notations and Conventions 



coincide with those used in |Sey . 
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2. Basic generating function Hh of Lagrangian submanifold 

In this section, we recall the definition of basic generating function. 

Let H = H(t,x) be a Hamiltonian on T*N which is asymptotically constant 
i.e., one whose Hamiltonian vector field Xh is compactly supported. Denote by 
VC™ C (T*N,R) be the set of such a family of functions. We denote L H — (/>#(ojv) 
and denote by in '■ Lh ^ T*N the inclusion map. 

Recall the classical action functional is defined as 



H(t,j(t))dt 



on the space V(T*N) of paths 7 : [0, 1] — > T*N, and its first variation formula is 
given by 

^(7)(£) = I w(7-^(t,7(t)),$(t))«-(e(7(0)),f(0)> + <fl(7(l)),f(l)). (2.1) 
Jo 

For given (7 6 ojv = N, we denote 

which is a Hamiltonian trajectory such that 

z g H (0)=qeo N , (2.2) 

which specifies the initial point q € ojv- (We remark that the notation here is 
slightly different from that of |Oh2[ IOh3j in that z q H therein denotes in this 
paper. We adopt the current notation to be consistent with that of |Oh8j and other 
recent papers of the author.) 

We define the function Hh ■ [0, 1] X N — > R by 

r t 

,1 



h H (t,q) = J {z q H \ m ) 6- J H(u,^(q))du (2.3) 

call it the space-time (or parametric) basic generating function in the fixed frame. 
The following basic lemma follows immediately from (14.4[) whose proof we omit. 



Lemma 2.1. The function hn satisfies 

dh H (t,q) = ((z q H y8(t)-H(t,z q H (t))dt) + (^ H y9 (2.4) 

= ip* H 6 - H(t,z q H {t))dt (2.5) 

where i/jjj '■ [0, 1] X N — > T*N defined by ipii(t, <?) = 4>h Ion an d V'jyC?) = ^hQ, <?)• 

It turns out that the following form of Hamiltonian trajectories 

z^{t)=<j> t H {{<j> 1 H )-\x)) (2.6) 

are also useful, which specifies the final point of the trajectory instead of the initial 
point as specified in the trajectory z q H . Then we define 

h H {t,x) = h H {t,{<t> t H )- 1 (x)), ie4H (2.7) 

in the moving frame. 

Now consider the Lagrangian submanifold (f> H (o]y). We would like to point out 
that the function 

MV) : Lh — > R ; h„(l,x) ^Ml,^)- 1 ^)) 
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defines the natural generating function of Lh '■= 4> h (on) in that d x hu = i* H where 
in '■ Lh — > T*N is the canonical inclusion map. The image of the map 

x G Lh i-> (Iih(x),x) 

defines a canonical Legendrian lift of Lh in the one-jet bundle J X (N) = Rx T*N. 
We call hn the basic generating function in the moving frame. We denote the 
corresponding Legendrian submanifold by Rh- However, as a function on N, hn 
is multi-valued, while hn is a well-defined single-valued function. (We refer to 
section [3T21 for further discussion on the space-time (or parametric) basic generating 
function hn-) 

In general, the projection R — > R x N of any Legendrian submanifold R C 
J 1 {N, R) = R x T*N is called the wave front [El] of the Legendrian submanifold 
R. We denote by Wr c R x N by the front of i?. We also define the (Lagrangian) 
action spectrum of H on T*N by 

Spec(F;J\0 = {-4#(af)|x6LHnojv} (2.8) 

which also coincides with the set of critical values of hn- It follows that Spec(-ff ; N) 
is a compact subset of R of measure zero. 

Remark 2.1. We would like to note that we have no a priori control of C° bound 
for the functions hu (or equivalently hn), even when H is bounded in Z^ 1 * 00 ) 
norm. Getting this C°-bound is equivalent to getting the bound for the actions 
of the relevant Hamiltonian chords. Indeed understanding the precise relationship 
between the action bound, the norm \\H || and the C -distance of the time-one map 
<j> H is a heart of the matter in C° symplectic topology. 

In section [5j we recall construction of basic phase function fjj from |Oh2) which 
is a particular single valued selection of the multivalued function hn on N that 
has particularly nice properties in relation to the study of spectral invariants of the 
present paper. This function was constructed via the Floer mini-max arguments 
similarly as the spectral invariants p ham (H; a) is defined in |Oh2j . and its Co-norm 
is bounded by 

3. Multi-time extended phase space and Lagrangian suspension 

In this section, we generalize construction of Lagrangian suspension in the setting 
of multi-time extended phase space. For the simplicity of exposition, we will mainly 
consider the 2-parameter family whose generalization to muti-parameter case is 
obvious and so omitted. 

3.1. Lagrangian suspension on general (M, uj). Generalizing our notations z q F 
and we introduced in section 3] for the multi-parameter families, we associate 
several maps to a given parameter family 

A = {0(M)}; 4>{a,t). (3.1) 

Remark 3.1. A natural 2-parameter family occurs in the form of <p(s,t) = ^(s) 
when a 2-parameter family H — H(s, t, x) is considered. One should regard this par- 
ticular two-parameter family of Hamiltonian diffeomorphisms as the one-parameter 
family of Hamiltonian paths 

[0, 1] -> V ham (Symp(M,uj),id); s ^ (j> H{s) 
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instead of a two-parameter family of Hamiltonian diffeomorphisms in Ham{M, ui). 
This is because for a given general two parameter family {</>(s, t)}, its t-Hamiltonian 
is not a priori given but should be computed unlike the family generated by the 
given Hamiltonians H(s) in (|3.1I) . 

Definition 3.2. 

z A : [0,1] 2 x M -> M; z A (s, t, q) = A(s, t){q) 
z A : [0,1] 2 x M -4 M; z A (s,i,x) = A(s, i)A(s, 

and 

: [0,1] 2 x M — > [0,1] 2 x M; ip A (s,t,q) = (M, z A (s,t,q)) 
ip A : [0,1] 2 x M -4 [0, l] 2 x M; i/i A (s,t,x) = (s,t, z A (s,t,x)). 

Now suppose that g s t : £ — > (-M\ w) is a 2-parameter family of Lagrangian 
embeddings generated by a 2-parameter family of Hamiltonian diffeomorphisms 
{(f>(s,t)} with 0(0,0) = id, i.e., satisfies 

= <MM)(ff(O,O)0?)), 

There are two different ways of describing this family of embeddings. One is in 
terms of the embedding maps g Sj t and the other as a family of moving submanifolds 
L( s ,t) = I m S(s,i) C M. One may regard the first picture as the one in the 'fixed 
frame' and the second as the one in the 'moving frame'. Both of them can be 
realized by the ambient 2-parameter isotopies with its space-time images coincide 
which is given by the trace 

L:=Tr A ( J L) = A ([O,l] 2 x J L). 

In terms of ipA, we have the following explicit formula 

ip A (s, t, x) = <fi A (s, t, z A (s, t, x)), xEL (3.2) 

which is the parametric analog to the relationship 

Zp z x 

between two representations of Hamiltonian trajectories, one in terms of the initial 
condition and the other in terms of the final condition. 

Denote by H, G the corresponding t- and s-Hamiltonians respectively so that 

9( s ,t)(x) = A(s,t)(x), x e L. 

Denote by $a : [0,1] 2 x L — >• T*[0,1] 2 x M the associated double-suspension 
defined by 

* A («, t, q) = (A(a, t)(q),s, G(s, t, A(s, t)(q)), t, -H(s, t, A(s, t)(q)) . (3.3) 
In the moving frame, it is simply given by 

$a(s, t, x) = (x, s, G(s, t, x),t, -H(s, t, x)) (3.4) 
on the space-time trace L C [0, l] 2 x M. 
Lemma 3.1. Let z A , z A , <f) A and ip A be as above. Then 
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(1) 

z* a uj = <j>* A (dG) Adt — 4>\{dH) A ds (3.5) 

which is also equivalent to saying that the suspension <£>a is a Lagrangian 
embedding, i.e., satisfies 

$>* a {uj + da A dt + db A ds) =0 (3.6) 

on [0, l] 2 x L. 

(2) In the moving frame, 

(z A )*iu = dG Adt-dH Ads (3.7) 

on the trace L which is equivalent to saying that the trace L is a Lagrangian 
submanifold with respect to the symplectic form 

lu + da A dt + db A ds 

on M x T*[0,1] 2 . 

Remark 3.3. The expression (|3.7p has more natural invariant meaning than (|3.5[) 
in that in this representation, it is psychologically easier to allow more general 
class of subsets than smooth submanifolds such as basic Lagrangian selector or its 
wave front propagation as the integral domains against smooth differential forms. 
For this integration purpose, it is important to observe that these wave front type 
objects define rectifable geometric chain residing in T*A in the sense of geometric 
measure theory Fe . In fact, all of the chains we are considering are integral currents 
in that their boundaries are also rectifiable. (See [Fte] section 4.1.1, 4.1.7.) 

The following particular homotopy seems to deserve a name for it. 

Definition 3.4 (History homotopy). For any given Hamiltonian F = F(t,x), we 
call the homotopy 

T : v t— > <j)F" 

the (past) history homotopy of <j> F . 

We use the corresponding script letter to denote this homotopy for each given 
Hamiltonian. Their i-time-one maps are nothing but <fi v F for each v G [0, 1]. 

3.2. Lagrangian suspension on the cotangent bundle. Now we specialize the 
suspension construction to the case of cotangent bundle. We will show that in 
this case we can go one step further in that we can also write down the generat- 
ing function of the Lagrangian suspension when regarded as an exact Lagrangian 
submanifold in the cotangent bundle T*A x T*[0, l] 2 ^ T*(A x [0, l] 2 ). 

Let {F} be a time-dependent Hamiltonias defined on the cotangent bundle T*N. 
Then we define the parametric version of basic generating functions 

h F : [0, 1] x A -> K; h(u, q) = hp, (1, q) = hp(v, q) 

where the basic space-time generating function associated to F was defined in (|2.3|) 
as 

h(v,q)= [ (4| [o ,„])*0- / F(u,z q F (t))dt 
Jo Jo 
with substitution of v = t, and hu the one defined by 

h F (t,x) = ft F (t,(^ t )" 1 (a;)) =hpt(l,x) (3.8) 



GENERATING FUNCTIONS AND SPECTRAL INVARIANTS 



13 



which are defined on L. We call Hf the (space-time) basic generating function 
in the fixed frame and Kf that in the moving frame. Note that the definitions 
of both hp and hp involve only the time t = 1 for the family J- — {4> F u} v ^[o i], 
which is consistent with the fact that they depend only on the time-one image 
<Pf^(on)(= 0f( ^)) °f the- zero section (under a suitable support hypothesis on 
the Hamiltonians such as given in the present paper). 

With this remark made, we switch the parameter v by t or substitute v = t, and 
derive the following proposition by applying the history homotopy to H(s) for each 

se [0,1]. 

Proposition 3.2. Assume that {H(s)} is a 1 -parameter family of 't -Hamiltonians 
and denote by G = G(s, t, x) its s-Hamiltonian. Assume both H and G are boundary 
flat, i.e., satisfy G = near s = and H = near t = respectively. Then the 
basic generating function h satisfies 



dh 

~di 
dh 

ds 



6 t ff )*(G-(G,X G )) (3.9) 



for all (s,t,q) € [0, l] 2 x A, and h is a generating function of the Lagrangian 
submanifold L, i.e., satisfies 

dh = i* z (e + adt + bds) (3.10) 

where i? : L — > T*A x T*[0, l] 2 is the inclusion map. 

Proof. Recall the identity (|3.9p which can be also written as 

dh F (t, x) = tjj F (8 - Fdt) for x <E <t>p(o N ). 

Applying this to each F — H(s) in the current case and taking the interior product 
with Jj, we obtain the first equality of Q3.9p . The second equation can be derived 
by changing the role of s and t and using the equality of hff( s )(i, x) = ha(s,x). 
The equation f|3.10[) follow from the definition h(s,t,x) = h(t, ((f)^^)^ 1 (x)) and 
(13.91) whose derivation is left to the readers. □ 



It is often more convenient to say that the equation (I3.10|) holds on L instead of 
using the formal expression when one allows more general class of subsets like basic 
Lagrangian selectors as the integration domain. In particular, we may simply say 

dh dh 

^7 = -H, j- = G, d T * N h = Q (3.11) 
ot os 

on the smooth locus of L in the moving frame, when L is not smooth everywhere. 

Remark 3.5. (1) The same kind of equation holds for a multi-time family 
which we will not discuss in this paper, since we do not need it. 
(2) Note that the domain of h is L, a subset of [0, l] 2 x T*A, not the whose 
space. 

The extended phase space Rj x T*N has its companion, called one- jet space 
J 1 (A^) which itself has the form M. z x T*N. The space carries a natural contact 
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structure induced by the contact form dz—pdq. The combined space R* x R z x T* N 
can be formed into T* (R x N) with symplectic form 

dt Adz — dO = dt A dz + c?gi A dp; . 

i 

The pair (1~ih,Lh) C Rz x T*iV = J 1 (TV) forms a Legendrian submanifold at each 
time i, and its time propagation is called the wave front propagation. We call the 
image Wg of the front projection M. z x T* N — >■ R z x iV the /roni propagation. 

4. Canonical formalism and generating function 

In this section, we interpret the materials developed in the previous two sections 
into the well-established language of canonical formalism in Hamiltonian mechanics 
in the extended phase space. (See e.g., |Goj . |A2] .j 

We review Arnold's description of canonical formalism in the 'extended phase 
space' R x T*A (see section 44, 45 |A2j ) in this general cotangent bundle setting. 
Consider the product 

(R x T*X) x (R x T*X) 

and denote by (£, x) = (t, (q,p)) the coordinates of the first factor, the initial point, 
and (T, X) — (T, (Q, P)) the coordinates of the second factor, the final point of 
a given Hamiltonian trajectory. We consider the classical action functional in the 
extended space time or in the path-space in the 'extended space time'. 

Definition 4.1 (Extended path-space). Define r p ext {T*X) to be the union 

pe*t(T*N)= (J {(»,r)}x{ 7 er([D,r];fi)} (4.1) 

0,T)eR 2 

By definition, we have natural evaluation maps 

evim, ev fm : V ext (T*N) -> R x T*N 

defined by 

ev ini ( 7 ) = (v,^(v)), evfM = (T >7 (T)). (4.2) 

Now suppose we are given a time-dependent Hamiltonian function H : R x 
T*N — !• R. It naturally introduce the following parametric canonical relation 

{((v,x),(T,X))\X=(4, H )T(x)} 

which in turn provides a natural boundary condition for the paths in the space- 
time. Here (<Ph)v denotes the time (v,T)-map with initial time v and final time 
T. Recall that the map 4>h denotes the time-dependent flow it actually should be 
regarded as a map 

cpH : R 2 x T*N ->• T*N 

defined by 

cj> H {v,T,x)=z x H {v,T) 
where T M- zfr(T) is the solution to the initial value problem 

x = Xh(T, x), x(v) — x. (4-3) 
Now we consider the classical action functional 

K(l)= 1 1*9- f H{t n {t))dt 
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as physicists treat it, i.e., with no specification of domains of 7 and with no bound- 
ary condition specified. This means that we are considering the action functional 
on the extended phase space 

R x T*N 

i.e., V ext {T*N). For 7 e V([v, T];T*X), the action is defined to be 

Ai( 7 ) = J 7*0- f H(t, 7 (t))dt. 
Its first variation formula for fixed v, T is given by 

dAi( 7 )(0 = f "(7 - *H(t, 7 (t)), £(*)) dt <0( 7 («)), £(«)) + <0( 7 (T)), £(T)>. 

(4.4) 

Remark 4.2. Based on this formula, one may regard, as Weinstein put it, the 
restriction Afj\-p [0 1] (t*n-,o n ) is a generating function o/^(ojv) which we regard as 
a function defined on the fibration 

ev fin :V [0A] (T*N;o N )^T*N. 
Here is the analog to this proposition on the extended phase space. We denote 

V{ * t (T*N)= |J V [0 , T ](T*N). 

rem 

Denote by zfj. T : [v,T] — » T*N the Hamiltonian trajectory satisfying the initial 
condition 

{v;x) / \ 

Z H;T \ V I ~ X > 

oiZff!^}(v) = (<Ph)Z( x ) — x - Now we consider the restriction of the action functional 
A cl to 

V^(T*N;o N ) = {(T, 7 ) | 7 e C°°(b, T]; T*N), j(v) G o,v}. 
Then we define a function 

S(«,T, a; )=^ d (z^ ) ) (4.5) 

Proposition 4.1 (p. 241 [A2]). Denote X = X(u,T,x) := (4>h)1{x) and 

K(v, T, x) - (T, (<M^>)) = ff(T, X). 
TTierc i/ie function S : R 2 x T*iV -> M satisfies 

P dq-Hdt = PdQ-KdT + dS (4.6) 

or equivalently 

dS =pdq- Hdt- (PdQ - KdT). 

Now we specialize our discussion to the case of [v,T] — [0,1]. For given q G 
on — N, we denote zjg-(i) = (f>jj(q) which is the Hamiltonian trajectory such that 

z" H (0) =qeo N , (4.7) 

which specifics the initial point q G on of a Hamiltonian trajectory. We also 
represent the same Hamiltonian trajectory as 

z?(t)=4> t H ({4> 1 H )- 1 (x)) (4.8) 

which specifies the final point of the trajectory instead of the initial point as spec- 
ified for the trajectory zfj. 
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In the footnote in p. 236 of |A2j . Arnold made a comment "the form 

cj 1 := pdq- H dt = e - H dt 

seems to appear out of thin air" and alluded its origin from optics. In fact, this form 
is nothing but the pull-back of the canonical one- form 9 + adt under the Lagrangian 
suspension. (See the next section of the present paper.) 
In particular, we derive 

Proposition 4.2. The graph 

Graphs := {((T, (Q,P)), (t, (q,p)) \ (Q,P) = (4> H )f(q,p)} (4.9) 

is a Lagrangian submanijold of 

((T*N x T*M) x (T*N x T*K), n*(u + dt A da) - tt^Wo + dt A da)) 

and its generating function is given by S . 

There are two different ways of writing down the generating function S, one is 
with respect to the initial condition and the other with respect to the final condition. 
We call the first point of view that with respect to fixed frame and the second with 
respect to the moving frame. 

In the fixed frame, or equivalently in terms of (t, (q,p)) (|4. 6[) becomes the equa- 
tion 

dS = $%(& + adt) 
where <!>a is the Lagrangian suspension defined by 

M*>q) = (&(q)>*.-H(M,^(q))), q=((<Z,p),(3,p)). (4.10) 
The domain of $a is given by 1 x A and 

S(t,q) = h H (t,q) 
where hn(t, q) is the function defined by 

Mt,q)=^(«S). 
In the moving frame, or equivalent in terms of (T, (Q, P)), (|4.6p becomes 

dS = -$>* A {0 + adt) 

where \&a is nothing but the inclusion map into T*A x T*K with its domain given 
by 



|J {T} x </£(A). 



TGB 

Its generating function can be written as 

S(T, (Q,P))=:h H (T, (Q,P)) 
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5. Basic phase function and its associated Lagrangian selector 

In this section, we first recall the definition of basic phase function constructed 
in [Oh2j . Then we introduce a crucial measurable map (p H : N — ► N, which is 
defined by a selection of of a single valued branch of the multivalued section 

TV -> Lh C T*M 

followed by (c/^)" 1 . We call this map the mass transfer map associated to the 
Hamiltonian H. It is interesting to note that such a selection process was studied 
e.g., in the theory of multi- valued functions, or Q- valued functions, in the sense 
of Almgren |Alj in geometric measure theory. In particular, in |DGTj . existence 
of such a single valued branch is studied in the general abstract setting of metric 
spaces and a finite group action of isometries. It would be interesting to see whether 
there would be any other significant intrusion of the theory of multivalued functions 
into the study of symplectic topology. 

5.1. Graph selector of wave fronts. The following theorem was proved in [Cha] 
and in |Oh2] by the generating function method and by the Floer theory respec- 
tively. (According to |PPS] , the proof of this theorem was first outlined by Sikorav 
in Chaperon's seminar.) 

Theorem 5.1 (Sikorav, Chaperon [Cha] , Oh [Ohlj ). Let L C T*N be a Hamilton- 
ian deformation of the zero section on- Then there exists a Lipschitz continuous 
function f : N — > R, which is smooth on an open subset Nq C N of full measure, 
such that 

(q : df(q))eL 

for every q G TVo- Moreover if df{q) = for all q S Nq, then L coincides with the 
zero section on- The choice of f is unique modulo the shift by a constant. 

The details of the proof of Lipschitz continuity of / is given in |PPS) . We denote 
by Sing / the set of non-differentiable points of /. Then by definition 

N Q = Reg f:=N\ Sing/ 

is a subset of full measure and / is differentiable thereon. 

We call such a function / a graph selector in general following the terminology 
of |PPSj and denote the corresponding graph part of the front of the Legendrian 
submanifold R by 

G f := {(h L (q,df(q)),q,df(q)) q £ N} C R. 

By construction, the projection ttr : G / — s> N restricts to a one-one correspondence 
and the function / : Reg / — ► K continuously extends to Reg / = AT. 
By definition, 

\df (q)\ < max \p(x)\ (5.1) 

for any q £ Nq, where x = (q(x),p(x)) and the norm \p(x)\ is measured by any 
given Riemannian metric on N. 

Proposition 5.2. As dn(L,ON) — > 0, |4f(g)| — > uniformly over q G Nq. 

In |Oh2j , a canonical choice of / is constructed via the chain level Floer theory, 
provided the generating Hamiltonian H of L is given. The author called the corre- 
sponding graph selector / the basic phase function of L = <Ph{on) and denoted it 
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by Jh- We give a quick outline of the construction referring the readers to Oh2 
for the full details of the construction. 

5.2. The basic phase function fu and its Lagrangian selector. Another 
construction in |Oh2] is given by considering the Lagrangian pair 

(o N ,T;N), qeN 

and its associated Floer complex CF(H;on,T*N) generated by the Hamiltonian 
trajectory z : [0, 1] — > T*N satisfying 

z = X H (t,z(t)), z(0) G o N , z(l) G T*N. (5.2) 

Denote by Chord(H;oN,T*N) the set of solutions. The differential dm, J) 011 
CF(H;on,T*N) is provided by the moduli space of solutions of the perturbed 
Cauchy-Riemann equation 

f^ + j(ff -X B (u))=0 
\u(t,0) G o n , u(t, 1) G T*N. 

An element a G CF(H; on, T*N) is expressed as a finite sum 
a = ^ a z [z], a z G Z. 

zeChord{H;o N ,T*N) 

We denote the level of the chain a by 

Ai/(a) := max {Agiz)}. 

The resulting invariant p lag (H; {q}) is to be defined by the mini-max value 

ff a °(H;{q})= inf X H (a) 

where [q] G H ({q};1) is a generator of the homology group H ({q};Z). 

A priori, p lag (H; {q}) is defined when <Ph(°n) intersects T q N* transversely but 
can be extended to non-transversal q's by continuity. By varying q G AT, this defines 
a function fn'-N—^M. which is precisely the one called the basic phase function 
in }Oh2] . (A similar construction of such a function using the generating function 
method was earlier given by Sikorav and Chaperon |Chaj .) We call the associated 
graph part Gf H the basic branch of the front Wr h of Rh- 

Theorem 5.3 ( [Qh2l [Qh6] ) . There exists a solution z : [0, 1] -> T*N of i = X(t, z) 
such that z(0) = q, z{X) G on and Aij{z) = p lag {H;{q}) whether or not 4> H {o N ) 
intersects T*N transversely. 

We summarize the main properties of fjj established in |Oh2j . 

Theorem 5.4 f |Oh2] ). When the Hamiltonian H = H(t,x) such that L = 4>h(°n) 
is given, there is a canonical lift f B defined by fail) '■= p lag {H; {q}) that satisfies 

f H oir(x) = h H (x) = A'£(z?) (5.4) 

for some Hamiltonian chord z^ ending at x G T*N . This fjj satisfies the following 
property in addition 

WfH~fK\\oo<\\H-K\\. (5.5) 
An immediate corollary of this theorem is 
Corollary 5.5. If Hi converges in L^ 1,0 °\ then f Bi converges uniformly. 
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Based on this corollary, we will just denote the limit continuous function by 

f H := lim f H . (5.6) 

i— ►oo 

when Hi —> H in i' 1:00 '-topology, and call it the basic phase function of the 
topological Hamiltonian H or of the C°-Lagrangian submanifold Lh = <Ph{°n)- 

Note that n H = tt\l h ■ L H = 4> H (o N ) — >• N is surjective for all H (see |LSj for 
its proof) and so 7r^ 1 (7r^ 1 ('?)) C oat is a non-empty compact subset of on — N. 
Therefore we can regard the 'inverse' tt^ 1 : N — > Lh C T*N as a everywhere 
defined multivalued section of 7r : T*N — > N. 

We introduce the following general definition 

Definition 5.1. Let L C T*N be a Lagrangian submanifold projecting surjectively 
to N. We call a single valued section a of T*iV with values lying in L a Lagrangian 
selector of L. 

For any given Lagrangian selector a of L = Lh = 4>h(°n)' we define the map 
ip a : N -> TV to be 

= (^r 1 ^)). 

Recall that the graph G/ H is a subset of the front Wr h of i?# and for a generic 
choice of H the set Sing /j/CJV consists of the crossing points of the two different 
branches and the cusp points of the front of Wr h . Therefore it is a set of measure 
zero in N. (See [El], [PPS , for example.) Once the graph selector fjj of Lh is 
picked out, it provides a natural Lagrangian selector defined by 

o-H(q) ■■= Choice{a; £ L H \ n(x) = q, A H (z£) = f H {q)} 

via the axiom of choice where Choice is a choice function. It satisfies 

o- H (q) = df H {q) (5.7) 

whenever alfniq) is defined. We call this particular Lagrangian selector of Lh 
the basic Lagrangian selector and the pair (cthtIh) the basic wave front of the 
Lagrangian submanifold 4>h(°n)- 

The general structure theorem of the wave front (see [EI], [PPSj for example) 
proves that the section an is a differentiable map on a set of full measure for a 
generic choice of H which is, however, not necessarily continuous: This is because as 
long as q G iV\Sing /#, we can choose a small open neighborhood of U C TV\Sing /# 
of q and V C Lh = 4>h(°n) of x £ V with 7r(a;) = q so that the projection 
7r|y : y — > U is a diffcomorphism. 

Then we define the mass transfer map ip H : N — > N by 

= O^rW*?)). (5-8) 

The map is measurable, but not necessarily continuous, which is however differ- 
entiable on a set of full measure for a generic choice of H . And from its definition, 
it is surjective if and only if the Lagrangian submanifold <f> H (oN) is a graph of an 
exact one-form. On the other hand, the map <p H may not be continuous along the 
subset Sing fn C N which is a set of measure zero. By definition, we have 

f H {q) = A H (z H H(q) ) - h H ^ H {q)). (5.9) 

This relationship between fn and hn is the reason why we introduce the transfer 
map ip H . 
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The following lemma is obvious from the definition of tp . We note 
dn{4>H(o N ),o N ) < osc c o((/) 1 H ;o N ) 
where ^(^(oat), ojv) is the Hausdorff distance. 



Lemma 5.6. We have 



d((p H (x),x) < rfH(0H(oAf),Ow) +osc c o 



(^hIOn) < 2osc C o{(t) 1 H ; o N ) 



for all x e No. In particular, i/oscc-o [<t> l H ] on) — > 0, then max ie jv d(ip H (x), x) — > 
uniformly over x G iVo . 

6. Singular locus of the basic phase function and cliff-wall surgery 

In this section, we consider general cotangent bundle T*N of arbitrary closed 
manifold TV. We first recall two important properties of the Liouville one-form 9 in 
this regard: 

(1) identically vanishes on any conormal variety. (See [Oh2l IKOl] for the 
explanation on the importance of this fact in relation to the Lagrangian 
Floer theory on the cotangent bundle.) 

(2) For any one form a on N, we have a*9 = a where a : N — » T*N is the 
section map associated to the one-form a as a section of T*N . In particular, 
we have 



on N \ Sing(<7F) and on each stratum of Sing((7i?). 

We note that the singular locus S(<Tp) C A is a subset of the bifurcation diagram 
of the Lagrangian submanifold 4> f (on)'- The bifurcation diagram is the union of 
the caustic and the Maxwell set where the latter is the set of points of which merge 
the different branches of the generating function h. (See section 4 |G1] for the 
definition of bifurcation diagram of Lagrangian submanifold L C T*N in general.) 

For a generic F, S(o~f) is stratified into a finite union of smooth submanifolds 



(see |A1| lE H iGlj e.g., for such a result) so that its conormal variety v*S(o-p) can 
be defined as a finite union of conormals of the corresponding strata. Each stratum 
Sing fc ((Tir) has codimension k in A. The stratum for some k could be empty. (See 
[KSj . See also |Ka[ IKQ2] . |NZ1 IN] for the usages of such conormal varieties in 
relation to Lagrangian Floer theory.) 

In dim A/ = 2, there are two strata to consider, one Si(ap) and the other S^of). 

For k = 1, each given point q 6 Si(<?f) has a neighborhood A(q) C N such 
that A(q) \ Si(cxf) has two components. We also note that carries a natural 
orientation induced from N by projection when N is orientable and so defines an 
integral current in the sense of geometric measure theory [Fe] . When N is oriented, 
Si(F) is also orientable as a finite union of smooth hypersurface. We fix any 
orientation on S± (F) . 

We denote by A ± (q) the closure of each component of A(q) \ S\{gf) m A(q) 
respectively. Here we denote by A + (q) the component whose boundary orientation 



a* F 9 = df F 



n 
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on dA + (q) coincides with that of the given orientation on Si (F) and by dA (q) the 
other one. Then each of (q) is an open-closed domain with the same boundary 

dA ± (q)=A(q)nS 1 (a F ). 

Denote 

dfp(q) = lim df F (p ± ) (6.1) 

p±^q 

obtained by taking the limit on A^ (q) respectively. The limits are well-defined from 
the definition of a F since Ima F = Imd/p C (/> f {°n) where 4> f (on) is a smooth 
closed submanifold in T*N . 

We now prove the following theorem. We refer to |Glj . |ZRj for a related state- 
ment. 

Theorem 6.1. LetqE S^F). Then 

dfp(q)-df+(q)GT;N, 

which is contained in the conormal space v*[S\{o~ F ); N] C T*N. 

Proof. Let v e T q S\{a F ) be any given tangent vector. Choose a smooth curve 
7 : (— e, e) — > Si (up) with 7(0) = q. For any given sufficiently small S > 0, we 
define a family of 5-shifted curves 

-yf(t) = exp 7(t) (±5fi(t)), 

where exp is the normal exponential map of Si(<7f) in TV and ft(t) is the unit 
normal vector thereof at 7(i) towards the domain A + (q). Then 7^ is mapped into 
Int A + (q) and 7^ into Int A~(q) for all sufficiently small 5 > 0. Note 

for 5 = 0. Since f F : N — > M is a continuous function, we have the uniform 
convergence 

fFU(t))-fFhs(t))^0 

as (5 — > over t G (— e,e). Furthermore since f F is smooth up to the boundary on 
each of A^ (q) and df F is uniformly differentiable up to the boundary of (q) for 
either of ±, 

f F (iHt)) = fF(it(o)) + tdM 7 t(oM( 7 ±y(o)) + o(\tf) 

= fFdfm +tdf F ( 7 ±(0)) o Dexp 7(0) (±5n(0))( 7 '(0)) + 0(|i| 2 ) 

where |0(|i| 2 )| < C\t\ 2 for a constant C > uniformly over S > and t 6 (— e,e). 
Here D exp p (n)(v) is the derivative 

Dexp p (n)(v) := exp 7(t) (ri), v = j'(0), 7(0) = p, 

which is nothing but the covariant derivative of the Jacobi field along the geodesic 
t 1 — ^ expp(iw) with the initial vector n at p. (See [K] for an elegant exposition on 
the detailed study of exponential maps.) By letting £ — > and using the uniformity 
of the constant C and the continuity of f F , we obtain 

M7(*)) = /F(g) + lim(^/ f (7 5 ± (0))((7 5 ± )'(0))) + O(|t| 2 ) 

o— HJ 



f F (q)+t lim #f(Tf (0)) ^exp 7(0) (±<5n(0))((7, ± )'(0))j) + O(|f| 2 ) 
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Then by taking the difference of two equations for ± and dividing by t, utilizing 
the convergence (7j b )'(0) —} 7'(0) as S — > and then evaluating at t = 0, we obtain 



= lim 



I (dfMltm°Dexp 7i0) (+6n(0)) - d(f F (^(0)) o D exp j{0) (-5n(0))) ( 7 '(0)). 

Recall that 7(0) = p and 7^(0) — > p, and D exp p (±<5n(0)) converges to D exp p (0) 
as S — > 0, which is nothing but the identity map on v q Si(op) by the standard fact 
on the exponential map (see [K]). Therefore from this last equality, we derive 

(df+(q)-dfp(q)) (tO=0 

by the definition of dfp(q). Since this holds for all v £ T q S\{(Tp), the proposition 
for k = 1 is proved. □ 

The boundary orientations of the two components arising from that of Yip, which 
in turn is induced from that of iV via 7Ti have opposite orientations. We call the 
one whose projection to Si(of) under %x coinciding with the given orientation the 
upper branch and the one with the opposite one the lower branch and denote them 
by 

respectively. 

Now let L q be the line segment connecting the two vectors dfp(q), i.e., 

L q : u £ [0, 1] i y df+(q) + u(alf F {q) - df+(q)) C T* q N. (6.2) 

This is an affine line that is parallel to the conormal space v*Si{ap)- Therefore 
the union 

£*■,[-+]:= U L * ( 6 - 3 ) 

qeSi(<T F ) 

is contained in the translated conormal 

dft + ^iSiio-F^N] (6.4) 

Here the bracket [ — h] stands for the line segment L q , and v*\S\{<jf)', N\ is the 
conormal bundle of S\{ap) in N. We would like to point out that since dfp~{q) — 
dfp(q) G ^*[5i(ct_f); N] we have the equality 

df+(q) + ^ q [S 1 (a F y,N} = df F (q) + ^ q [S 1 (a F );N} 

for all q £ Si(<jf)- Therefore we can simply write (|6.4p as 

df F + v*[Sx(c- F );N} (6.5) 

unambiguously. 

Definition 6.1 (Basic Lagrangian selector chain). We denote by op the chain 
whose support is given by 

supp(ctf) := Y,p (6.6) 
with the orientation given as above, and define its micro-support by 



SS(ap):=dfp + ^[S 1 (Y F );N} (6.7) 
imitating the notation from [KS . 
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The two components of 8<tf associated to each connected component of S\(<jf) 
are the graphs of dfp for the functions fp near Si (<?>)• 

Note that each connected component of Si(<7f) gives rise to two components of 

dcrp-A hi no\F- We can bridge the 'cliff' between the two branches of do~F over each 

connected component of S\{<jf) and 

Definition 6.2 (Cliff wall chain). We define a 'cliff wall' chain crp.r n whose 

support is given by the union 

h] = (J L q 

9SSi(<r F ) 

Then we define the chain a F -[ hi similarly as we define of by taking its closure in 

T*N. 

We emphasize that ap-,[ h] ues outside the Lagrangian submanifold 4>f{°n)- 

By definition, its tangent space at x = (q, u) has natural identification with 

T X S F .[_ + ] = v*Si((t f ) ® T q Si(a F ). 

Due to Theorem 16. li it carries a natural direct sum orientation 

0£ F;[ _ +] (<7) = {df F {q) - df+(q)} (B o Sl(aF) (q). 

Therefore Ejm u carries a natural orientation and defines a current. Under the 

natural identification of T q N with T*N by the dual pairing, which induces an 
identification 

v*Si(a F ) © T q Si(a F ) = v q Si(a F ) © T q Si(a F ) 
as an oriented vector space. Then we have the relation 

<9£ F = -<9£ F .[_ +] . (6.8) 

Remark 6.3. (1) We would like to note that the singular locus S(<jf) C A is 
a subset of the bifurcation diagram of the Lagrangian submanifold 4> f {°n)'- 
The bifurcation diagram is the union of the caustic and the Maxwell set 
where the latter is the set of points of which merge the different branches 
of the generating function h. (See section 4 jGlj for the definition of bi- 
furcation diagram of Lagrangian submanifold L C T* N in general.) But 
this detailed structure does not play any role in our proof except the one 
described. 

(2) However we would like to note that each fiber of SS(<tf) is an affine space 

df F (q) + ^ q [S 1 (^F);N} 

at q G Si(Y,f), not a linear space. In fact, if we incorporate the orientation 
into consideration, one can refine this definition further to the 'half space' 
instead of the full affine space. We denote this refinement by SS + ((Jf)- 
Then at a point q in the lower dimensional strata, it will be a 'wedge 
domain', i.e., the intersection of several space of this type. (See |K011lK02] 
for a usage of such domains in their quantization program of Eilenberg- 
Steenrod axiom.) We will come back to further discussion on the detailed 
structure of singularities elsewhere. 

Next we consider the case of 5*2 (o~f) and its relationship with up and S\(<jf)- 
Note that for a generic choice of F, S^ctf) consists of a finite number of points in 



24 



YONG-GEUN OH 



N consisting of either a caustic point or a triple intersection point of the Maxwell 
set (see [Alj . section 4 [Gil and 7.1 }ZR] ) . 

The following proposition can be also derived from the general structure theorem 
of generic singularities of Lagrangian maps. We restrict the proposition to dim M = 
2 here postponing the precise statement for the high dimensional cases elsewhere. 

Proposition 6.2. Assume n — 2. For a generic choice of F, the boundary of 

a F + o>.[ u is a finite union of triangles each of which is formed by the three 

line segments L q given in (|6.2p associated to a triple intersection point q of S{a F ) 
contained in ^((Tf). Furthermore each triangle is the boundary of a 2-simplex 
contained in the fiber T*N . 

Proof. This is an immediate consequence of the classification theorem of generic 
singularities in dimension 2 of Lagrangian maps originally proved by Arnold [Al] . 
(See also p. 55 and Figure 43 [A3], section 4 [Gl] and 7.1 (ZR|.) □ 

Now we define cr F .^2 to be the union of these 2 simplices, and set 

add _ i „ i „. 

Then by construction, a F dd forms a mod-2 cycle. 

This finishes the description of the basic Lagrangian cycle. A similar description 
can be given in the higher dimensional cases, which we will study elsewhere. This 
enables us to define the following important Lagrangian cycle which will play a 
crucial role in our homological integration in the next section. 

Definition 6.4 (Basic Lagrangian cycle and cliff-wall surgery). Let dimM = 2. 
We call the cycle a F dd the basic Lagrangian cycle of (/) f (on) (associated to the 
basic Lagrangian selector o\f). We call the replacement of <fi F (o]y) by the Y 1 p dd the 
cliff-wall surgery of the 4> f {on)- 

Remark 6.5. (1) We also refer to |KQ1[ [Kal IKQ2] for a usage of the general 
conormal variety of an open-closed domain with boundary and corners, 
which also naturally occurs in micro-local analysis and in stratified Morse 
theory [KS] , 

(2) The basic Lagrangian cycle seems to be a good replacement of non-graph 
type Lagrangian submanifold <P f (on) in general for the study of various 
questions arising in Hamiltonian dynamics and symplectic topology. We 
hope to elaborate this point elsewhere. 

Note that when d{4> F ,id) is sufficiently small, each simplex Aq is contained in 
the product U y x U y C Va C T*A associated to a Darboux neighborhood U y C M 
in the given Darboux family $. 

7. Lagrangian Floer homology and spectral invariants 

In this section, we first briefly recall the construction of Lagrangian spectral 
invariants p la9 (H; a) for Lh = <t>\j{oN) performed by the author in [Oh3 . A priori, 
this invariant may depend on H, not just on Lh itself. In |Oh3j . we prove that 

p la v(H;a) = p la °(F;a) (7.1) 

for all a 6 H*(N;Z) if Lh = L Fl but modulo the addition of a constant and then 
somewhat ad-hoc normalization to remove this ambiguity of a constant. 
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7.1. Definition of Lagrangian spectral invariants. Consider the zero section 
on and the space 

V(o N , o N ) = {7 : [0, 1] -> T*N I 7 (0), 7(1) £ o N }. 

The set of generators of CF(H; ojv, ojv) is that of solutions 

z = X H (t,z(t)),z(0),z{l)€o N 

and its Floer differential is defined by counting the number of solutions of 

-X H (u))=0 




(7.2) 

u(t,0), u(t, 1) G o N . 
An element a G CF(H; on, on) is expressed as a finite sum 

a= a z [z], a z G Z. 

2tEC/iord(//;o^,Oiv) 

We denote the Zei>e/ of the chain a by 

X H (a) := max {^(z)}. (7.3) 

For given non-zero cohomology class a € H*(N,1), we consider its Poincare dual 
[a] b := PD(a) G H it (N,Z) and its image under the canonical isomorphism 

$ : H.(N,Z) -»• HF*(H,J;o N ,o N ). 

Definition 7.1. Let (H,J) be a Floer regular pair relative to (oat,oat) and let 
(CF(H),d(H,j)) be its associated Floer complex. For any 0/n£ H*(N,Z), we 
define 

p ia9 (ff;a)= inf {X H (a)}. (7.4) 

a6$(a b ) 

One important result is the following basic property, called spectrality in |Oh6) . 
which is not explicitly stated in Oh2 but can be easily derived by a compactness 
argument. (See the proof in jOh6] given in the Hamiltonian context.) 

Proposition 7.1. Let H = H(t,x) be any, not necessarily nondegenerate, smooth 
Hamiltonian. Then for any 0/a£ H*(N,Z), there exists a point x G Lh D on 
such that 

In particular, p la9 (H;a) G Spec(ff; N). 

7.2. Comparison of two Cauchy-Riemann equations. So far we have looked 
at the Hamiltonian-perturbed Cauchy-Riemann equation (|7.2[) . which we call the 
dynamical version as in |Oh2j . 

On the other hand, one can also consider the genuine Cauchy-Riemann equation 

{ dv 1 jH dv_ n 
dr' tJ at - u c 7 
«(r,0) e<P%{o N ), v(r,l) €o N 

for the path u : R — > V(on,L) where L = ^(on) and 

V(o N , L) = {7 : [0, 1] -> T*7V I 7 (0) G L, 7(1) e o^} 

and J t ff = (4>h4'h )*Jt- We call this version the geometric version. 

We now describe the geometric version of the Floer homology in some more 
details. We refer readers to |Oh2j for the discussion on the further comparison 
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of the two versions in the point of moduli spaces and others. The upshot is that 
there is a filtration preserving isomorphisms between the dynamical version and 
the geometric version of the Lagrangian Floer theories. 

We denote by M.(Lh, on', J h ) the set of finite energy solutions and M(Lh, on', J h ) 
to be its quotient by M-translations. This gives rise to the geometric version of the 
Floer homology HF*(on , 4>h{on), J) of the type |FU[ IOh3] whose generators are 
the intersection points of on H 4>h{on)- An advantage of this version is that it de- 
pends only on the Lagrangian submanifold L — (j)H (on), only loosely on H. (The 
author proved in |Oh3] that p(H;a) is the invariant of Lh = <I>h(on) up to this 
normalization by comparing these two versions of the Floer theory in |Oh2[ [Oh3] .) 

The following is a straightforward to check but is a crucial lemma. 

Lemma 7.2. Let L = (fi^^os). 

(1) The map $>h '■ on H L — > Chord(H; on, on) defined by 



gives rise to the one-one correspondence between the set o^nL C V(on,L) 
as constant paths and the set of solutions of Hamilton's equation of H . 
(2) The map a i— > (a) also defines a one-one correspondence from the set of 
solutions of (|7.2p and that of 



\v(t,0) <E 4>h(on), v(t, 1) G on 

where J H — {J^}iJ^ '■— (4>H( ( f'H)~ 1 )* ^t- Furthermore, (|7.6p is regular if 
and only if (|7.2[) is regular. 

Once we have transformed (|7.2I) to (17.61) . we can further deform J H to the 
constant family Jq and consider 



This latter deformation preserves the filtration of the associated Floer complexes 
Oh2 . A big advantage of considering this equation is that it enables us to study the 
behavior of spectral invariants for a sequence of Li converging to on in Hamiltonian 
distance. 

The following proposition provides the action functional associated to the equa- 
tion (|7.6p . (I7.7[) . which will give a natural filtration associated Floer homology 
HF(L,o N ). 

Proposition 7.3. Let L and be as in Lemma [2.11 Let H(L,on',T* N) be the 
space of paths 7 : [0,1] — >• R satisfying 7(0) £ L,on, 7(1) G on- Consider the 
effective action functional 



X^Z%{t)=<t> t H {{<t>H)- l {x)) 




(7.6) 




(7.7) 




Then dA c 



(7XO = Jo 7(0) dt. In particular, 



for the constant path 




(7.8) 
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We would like to highlight the presence of the 'boundary contribution' ^(7(0)) 
in the definition of the effective action functional above: This addition is needed 
to make the Cauchy-Riemann equation (|7.5p or (I7.7[) into a gradient trajectory 
equation of the relevant action functional. We refer readers to section 2.4 |Oh2j 
and Definition 3.f [KOlj and the discussion around it for the upshot of considering 
the effective action functional and its role in the study of Cauchy-Riemann equation. 

7.3. Triangle inequality for Lagrangian spectral invariants. We recall from, 
Sc , [OI16 that the triangle inequality of the Hamiltonian spectral invariants 

p ham (H#F] o • 6) < p ham {H; a) + p ham (F; b) 

for the product Hamiltonian H^F relies on the homotopy invariance property of 
spectral invariants which in turn relies on the existence of canonical normaliza- 
tion procedure of Hamiltonians on closed (M, w) which is nothing but the mean 
normalization. On the other hand, one can directly prove 

p ham (H *F;a-b)< p ham {H- a) + p ham {F; b) 

more easily for the concatenated Hamiltonian. (See e.g., |FOQ03j for the proof.) 
Once we have the latter inequality, we can derive the former from the latter again 
by the homotopy invariance property of p ham {.^ a ) for the mean-normalized Hamil- 
tonians. 

When one attempts to assign an invariant of Lagrangian submanifold 4>h(on) 
itself out of the spectral invariant p la9 (H; a), one has to choose a normalization of 
the Hamiltonian relative to the Lagrangian submanifold. Since there is no canonical 
normalization unlike the Hamiltonian case, the invariance property of Lagrangian 
spectral invariants and so the triangle inequality is somewhat more nontrivial than 
the case of Hamiltonian spectral invariants. In this subsection, we clarify these 
issues of invariance property and of the triangle inequality. 

The following parametrization independence follows immediately from the con- 
struction of Lagrangian spectral invariants and ZA 1, ^-continuity of H i-> p lag (FL\ a). 

Lemma 7.4. Let H = H(t, x) be any, not necessarily nondegenerate, smooth 
Hamiltonian and let \ ■ [0, 1] — > [0, 1] a reparameterization function with x(0) = 
and x(l) = 1- Then 

p la9 {H-a) = p lag (H x ;a) 
where m(t,x) = x'(t)H(x(t),x). 

We first recall the following triangle inequality which was essentially proved in 
|Oh3j . (See Theorem 6.4 and Lemma 6.5 jOh3j . In |Oh3j . the cohomological version 
of the Floer complex was considered and hence the opposite inequality is stated. 
Other than this, the same proof can be applied here.) 

Proposition 7.5. Let H, F G VC^ C (T*N; R), and assume F is autonomous. 
Then we have 

p lag {H#F; ab) < p lag {H; a) + p lag (F; b). (7.9) 

Monzner, Vichery, and Zapolsky }MVZj proved the following form of the triangle 
inequality which uses the concatenated Hamiltonian H * F instead of the product 
Hamiltonian H#F. 
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Proposition 7.6 (Proposition 2.4 |MVZj ). Suppose H(l,x) = F(0,x) and H * F 
be the concatenated Hamiltonian. Then 

p lag {H * F; ah) < p la9 (H; a) + p lag (F; b) (7.10) 

for all a, be H*(N). 

In particular, this proposition applies to all pairs H, F which are boundary flat. 

Remark 7.2. We suspect that (|7.9[) holds even for the non- autonomous F as in 
the Hamiltonian case but we did not check this, since it is not needed in the present 
paper. 

7.4. Assigning spectral invariants to Lagrangian submanifolds. In this sub- 
section, we identify a class, denoted by VC^. e y of Hamiltonians H among those 
satisfying (Pjj(°n) = </>f(°n), such that the equality 

p la *(H;a) = p la °(F;a) 

holds for all H, F E 'PC ! ^. e y As the notation suggests, the class depends on the 
subset B C N and the real number eel. 

We start with the following proposition. The proof closely follows that of Lemma 
2.6 jMVZj which uses Proposition 17.61 in a significant way. We need to modify 
their proof to obtain a somewhat stronger statement, which replaces the condition 



used in |MVZ] by the conditions put in this proposition. 



Proposition 7.7 (Compare with Lemma 2.6 [MVZj b Let H, F e VC™ C (T*N;M.) 
be boundary-flat. Suppose in addition H, F satisfy the following: 

(1) (t>s(o N ) = <p F (o N ), 

(2) H = c{t), F = d(t) on a tubular neighborhood T D B in T*N of a closed 
ball B C on where c(t), d(t) are independent of x GT, and 

(3) they satisfy 

c(t) dt=[ d(t) dt. 



Jo 

Then p la9 (H;a) = p lag (F;a) holds for all a € H*{N,'L) without ambiguity of con- 
stant. 

Proof. We consider the Hamiltonian path 4>g '■ t h- >• <^ G with G = F * H with 
F(t, x) = —F(l — t, x). This defines a loop of Lagrangian submanifold 

t h-> 0* g (oat), <P g (o n ) = o N 

and satisfies = id and 



G(t,q) 



-c(l-2t) 0<<<l/2 
d(2t-l) 1/2 < t < 1 



for all q E B C T by definition G = F * H. 

We claim p la a(G\a) = for all ^ a e H*{N). This will be an immediate 
consequence of the following lemma and the spectrality of numbers p lag (G; a) . 

Lemma 7.8. The value Aq(z) does not depend on the Hamiltonian chord z G 
Chord(G;oN ,oat). In particular, Aq(z) = 0. 
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Proof. Recall that any Hamiltonian chord in Chord(G; on, on) has the form 

*(t) = 4(t) 

for some q E on- Here we use the hypothesis 4>g(on) = on- Consider any smooth 
path a : [0, 1] — > on with a(0) = q, a(l) = q' . Then 

^ (4) - ^ (4) = jf ^ (4 U) ) du. 
But a straightforward computation using the first variation formula (|4.4[) implies 

iM (% M ) = (», £&«■<«>») - (». £(■<«») -o-o.o 

since 4>g{&(u)), a(u) E o^r. 

For the second statement, we have only to consider the constant path z = c q E B 
for which 

,1 .1/2 /-l 

^g( c «) = / G(t,q)dt= c(l-2t)dt- d(2t-l)dt 

Jo Jo Jl/2 



c(t) dt- d(t) dt = 0. 
■/ o 

This proves the lemma. □ 

Once we have the lemma, we can apply the triangle inequality (|7.10j) 

p la9 (H; a) < p lag {F; a) + p la9 (G; 1) = p lag (F- a) 

for any given a E H*(N). By changing the role of H and F in the proof of the 
above lemma, we also obtain p la a(G; 1) = and then obtain p la s(F; a) < p la a(H; a) 
by triangle inequality. This finishes the proof of the proposition. □ 

This proposition motivates us to introduce the following definitions 
Definition 7.3. For each given B C N, we define 

Jso b {on; T*N) = {L E 3so{on;T*N) \ o N n L D B}. 
When a function c : [0, 1] — > R is given in addition, wc define 

VC (B-,e) = i H e VC^c I H t = c(t) on a neighborhood of B in T*N 

and / c(t) dt = e}. 
Jo 

With these definitions, the proposition enables us to unambiguously define the 
following spectral invariant attached to L. 

Definition 7.4. Suppose L E 3sob(on',T*N) and let e e M be given. For each 
given such e, we define a spectral invariant of L E 3sob(on] T*N) by 

p^(L;a):=p lag (H;a), L = ^ H (o N ) 

for a (and so any) iJ £ PC,™.,. 

With this definition, we have the following obvious lemma 
Lemma 7.9. Let H £ W ( ^. e) , t/ien AT, 77 E PC ( °g._ e) . 

Then we prove the following duality statement of p^ B ' e \ 
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Proposition 7.10. Let H E ^C^g-e) and L = <^(ojv). We denote L = </>~.(e>jv) = 
cj)lj(o N ). Then 

p( B ^(L;l) = -p^(L;\pt}*). (7.11) 
Proof. By the above lemma, H £ "PC?B-—e) an< ^ so P^ B '^ e \L] 1) is given by 

p^- e \L;l) = p la ^{H;l) 
by definition. But it was proven in |V1[ IOh21 IOh3j that 

p l ^(H;l) = -p lag (H;\pt}*) (7.12) 

which follows from the Poincare duality argument, by studying the time-reversal 
flow of the Floer equation (|1.8[) u defined by u(t, t) = u(—t, 1 — t). The map u 
satisfies the equation 

ff + J(f -X s (u))=0 
\u(t, 0), u(t, 1) E o N . 

Furthermore this equation is compatible with the involution of the path space 

L : tt(ON,ON) -» Q{on 7 on) 

defined by 1(7) (t) = j(t) with ^y(t) = 7(1 — t) and the action functional identity 

•4(7) = -Atii). 

We refer to |Oh3] for the details of the duality argument in the Floer theory used 
in the derivation of (|7.12j) . 

On the other hand, by definition, 

p^(H;\pt]*)=p( B ^(L;\pt}*) 

since H E T D C^. e y This finishes the proof. □ 

8. Comparison theorem of f H and p lag (H;l) 

We first remark that both p lag (H; 1) and f H remain unchanged under the change 
of H outside a neighborhood of Ute[o 1] ^(°Af)- 

The main theorem we prove in this section is the following whose proof occupies 
the entirety of this section. 

Theorem 8.1. For any Hamiltonian H E VC^ SC , 

max/ ff <p la3 (H;l). 

Remark 8.1. One might recall the general inequality p la9 (H; [pt}#) < p lag (H; 1) 
and so wonder whether the inequality p lag (H; [pt]#) < min/jj from below would 
also hold. However this inequality fails to hold in general. See Example 9.4 |Oh2] 
which studies an example of Lagrangians on T*^ 1 . In that example, one can check 
that p lag (H; \pt]#) = which is realized by the level of the Floer cycle z\ + Z3 for 
the intersections z\, 2:3 in the example. But the minimum of fn is realized by a 
negative number at a non-smooth point of the function 

We first recall the definition of the triangle product described in }Oh3j , [FOj and 
put it into a more modern context in the general Lagrangian Floer theory such as 
111 [FOOOl] and in other more recent literatures. 
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Let q £ N be given. Consider the Hamiltonians H : [0, 1] x T*N — >• K such that 
Lh intersects transversely both on and T*N. We consider the Floer complexes 

CF(L H ,o N ), CF(o N ,T*N), CF(L H ,T*N) 

each of which carries filtration induced from the effective action function given 
in Proposition 17.31 We denote by o(a) the level of the chain a in any of these 
complexes. 

More precisely, CF(Lh,on) is filtered by the effective functional 
^W( 7 ) := J 7*0 + M7(O)), 

CF»(o N ,T*N) by 

-4 (2) (7) := J 1*9, 

and CF(Lh, T*N) by 

-4 (0) (7) := / J*e + h H ( 7 (0)) 

respectively. We recall the readers that is the potential of Lh and the zero 
function the potentials of on, T*N. 

We now consider the triangle product in the chain level, which we denote by 

m 2 : CF{L H ,o N ) ®CF{o N ,T* q N) ^ CF{L H ,T* q N) (8.1) 

following the general notation from [FOOOl] . [Se] . This product is defined by 
considering all triples 

xi e L H n o N , x 2 eo N n t*n, x e L H n t*n 

with the polygonal Maslov index fi(x±, X2',xo) whose associated analytical index, or 
the virtual dimension of the moduli space 

M 3 (D 2 ; x u x 2 ; x Q ) := M 3 (D 2 ;x 1 ,x 2 ;x () )/PSL{2, E) 

of J-holomorphic triangles, becomes zero and counting the number of elements 
thereof. The precise formula of the index is irrelevant to our discussion which, 
however, can be found in [Se], |FOQ02j . 

Definition 8.2. Let J = J(z) be a domain-dependent family of compatible almost 
complex structures with z e D 2 . We define the space M 3 {D 2 ; x\, x-i; xq) by the 
pairs (w, (zo, z\, z-ij) that satisfy the following: 

(f ) w : D 2 — >• T*N is a continuous map satisfying djw = D 2 \ {z , zi,z 2 }, 

(2) the marked points {zo,zi,z 2 } C dD 2 with counter-clockwise cyclic order, 

(3) w(zi) = x\, w(z 2 ) — x 2 and w(zq) = xq, 

(4) the map w satisfies the Lagrangian boundary condition 

widxD 2 ) C L H , w{d 2 D 2 ) C o N , w{d 3 D 2 ) C T* q N 

where diD 2 C dD 2 is the are segment in between Xi and Xi+i (i mod 3). 

The general construction is by now well-known and e.g., given in |FOOOl] . In 
the current context of exact Lagrangian submanifolds, the detailed construction is 
also given in |Oh3j and [Se] . One important ingredient in relation to the study of the 
effect on the level of Floer chains under the product is the following (topological) 
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energy identity where the choice of the effective action functional plays a crucial 
role. For readers' convenience, we give its proof here. 

Proposition 8.2. Suppose w : D 2 — > T*N be any smooth map with finite energy 
that satisfy all the conditions given in 1 8. 6 A but not necessarily J-holomorphic. We 
denote by c x : [0, 1] — > T*N the constant path with its value x G T*N . Then we 
have 

J w*u = A w (c Xl ) + A^(c X2 )-A^(c Xo ). (8.2) 

Proof. Recall uj = —d6 and i*9 — dh H on L H and i*9 — on o N and T*N 
where i's are the associated inclusion maps of Lh, ojv, T*N C T*N respectively. 
Therefore 

/ w*(j = -[ w*6 = - [ w*Q- I w*6- I w*9 

JD 2 JdD 2 JdiD 2 Jd 2 D 2 JdD 2 

= w*dh H - - = h H (w(zi)) - h H (w(z 2 )) 

JdiD 2 

= h H ( Xl ) - h H (x ) = A (1) (c Xl ) - A {Q \c XQ ) 

= A^(c Xl ) + A^(c X2 )~A^(c Xa ). 

Here the last equality comes since A {2) (c x ,) = Jc* X2 9 = 0. This finishes the proof. 

□ 

An immediate corollary of this proposition from the definition of rri2 is that the 
map (|8.ip restricts to 

m 2 : CF x (L H ,o N ) ® CF^{o Nl T* q N) -> CF x+ ^{L H ,T* q N). 
It is straightforward to check that this map satisfies 

d(m 2 (x, y)) = m 2 (d(x),y) ± m 2 (x, d(y) 
and in turn induces the product map 

* F : HF x (L H ,o N )<S>HF»(o N ,T*N) -> HF X+ »(L H ,T*N) (8.3) 

in homology. This is because if w is J-holomorphic J w*u> > 0. (We refer to |Qh3j 
and |FO] for the general construction of product map 1U2 and to |Oh3j . |MVZ] for 
the study of filtration. Similar study of filtration is also performed in [Sc] , |Oh6] in 
the Hamiltonian Floer homology setting.) 

With these preparations, we are ready to wrap-up the proof of Theorem 18. II 

Proof of Theorem \8.1l We consider a Floer cycle a representing the fundamental 
class l b = [M] G HF(Lh,on) and (3 — {q} representing the unique generator of 
HF(o N ,T*N) = Z. Then by definition 

0(a) > P la9 (H;l), (/3)=p tes (0;M) = 0. 

Then its product cycle 1x12(0;, f3) £ CF(Lh,T*N) represents the homology class 
[q] G CF{L H ,T*N) = Z and so t>(m 2 (a,/3)) > p la9 (H;{q}) = f H (q) by definition 
of the latter. Applying the triangle inequality, we obtain 

0(a) + = 0(a) + 0(/?) > 0(m 2 (a, (3)) > p la °{H- {q}) = f H (q). 

Therefore we have derived 

0(a) > fniq) 
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for all cycle a <E CF(Lh,on) representing [M]. By definition of p la9 (H;l), this 
proves 

p la9 (H;l)>f H (q). 

Since this holds for any point q e N, we have proved p la9 (H; 1) > m&xf H . □ 

9. A HAMILTONIAN CONTINUITY THEOREM OF SPECTRAL CAPACITY 

In this section, we prove the following Hamiltonian continuity of spectral capac- 
ity. The proof of this theorem is an adaptation to the Lagrangian context of the 
one used by Seyfaddini in his proof of Theorem 1 (or rather Corollary 1.2) |Sey| . 
The proof is also a variation of Ostrover's scheme used in |Osj and is an adapta- 
tion thereof. In our proof, we however use the Lagrangian analog to the notion of 
'e-shiftability' introduced by Seyfaddini |Sey| , instead of 'displaceability' used in 
[Osj and in other literature such as [EPj . |Uj. In the Lagrangian context here, the 
e-shiftable domain is realized as the graph of df of a function / having no critical 
points on the corresponding domain. In this regard, it appears to the author that 
the notion of e-shiftability becomes more geometric and intuitive in the Lagrangian 
context than in the Hamiltonian context. 

Consider the subset 

C™ t (N;B) = {/ e C°°(N) | Grit / C IntS}. 
We recall the notation 

oscco (4>}i i °n) '■= max < max d ((f) H (x), x) , max d (<j) l H )~ l (x), x) \ . 
from ([TTT3]) . 

Theorem 9.1. Let Xi — (\>n i where Hi £ VC^ C is a sequence such that 

(1) there exists R > such that suppX Hi C D R (T*N) for all i and s G [0, 1], 

(2) There exists a closed ball B C N such that supp (f>H i Dob = for all i where 
we recall 

supp^ = (J supp0* Hi . 

te[o,i] 

(3) There exists a uniform neighborhood T D ob in T* N such that (f> l H . = id 
on T for all i 's. 

Then if lim^oo osc c o [<j> x Hi ; o N ) = 0, 

lim ( P la9 (H i; 1) - p la! >{L Hi -\pt]*)) = 0. 

»— >oo 

The rest of the section is occupied by the proof of this theorem. 

We fix a Riemannian metric g and the Levi-Civita connection on N. They 
naturally induces a metric on T*N. Denote the latter metric on T*N by g and the 
corresponding distance function by d(x, y) for x, y 6 T*N. We denote by D r (T*N) 
the disc bundle of T*N of radius r. 

The following is the well-known fact on this metric g, which can be easily checked. 

Lemma 9.2. The metric If carries following properties: 

(1) g is invariant under the reflection (q,p) M> (q, —p) and in particular on is 
totally geodesic. 
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(2) There exists a sufficiently small r = r(N,g) > depending only on (iV, </) 
such that the following triangle inequality holds: Let x £ T*N and denote 
x = (q(x),p(x)). Then 

d{o q ( x) ,x) > m&x{\p(x)\, d(q, q(x))} > \p(x)\ (9.1) 

for all x £ D r (T*N) where \p(x)\ is the norm on T*, x ^N. 

We introduce a collection of the pairs (T, f) of a tubular neighborhood T D ob in 
T*N and a Morse function / £ C™ it (N; B, T) such that 

(1) all of its critical points contained in IntB, 

(2) Graph df C D r {T*N) for r = r(N,g) given in Lemma El 

(3) Graph(d/| B ) C T. 

Denote by Tb the set of all such pairs. We start with the following lemma 

Lemma 9.3. Let H £ VC™ C in T*N such that 

supp0 ff C\o B = 0, (9.2) 

and (fin = id on a neighborhood T D o B in T*N. Let (T, /) £ Tb be given such 
that H satisfies 0^ = id, and 

osc c o(^; 0iV ) <Ci(f;N\B,T) 
where the constant C-j" (/; N \ B,T) is defined below in (|9.3j) . Then we have 

Lf Don = 4>){{Lf) n o^ 
In particular all the Hamiltonian trajectories of H#(f o 71"), which have the form 
z h#(}o-k) some p g x / n ojv = 4> l H{Lf) H oat, are constant equal to p. 

Proof. In the proof, we will denote p E 2V and the corresponding point in the zero 
section of T*N by o p for the notational consistency. 
By the choice of the pair (T, /) £ Tb, we have 

min | min |d/(p)|, d H (iV \ B, Crit /) 1 > 0. 
[ P eN\B J 

where dn(N \ B, Crit /) is the Hausdorff distance. We define a positive constant 

Ci{f;N\B) :=min( min |d/(p)|, d H (iV \ B, Crit /)) (9.3) 

By definition of (/; N \ B, T), if q £ TV \ B, we have 

|d/(g)|, %,Crit/) > Cf(f;N\B,T) > 0. (9.4) 

Obviously we have Crit / = Lt D Ob C (fr H (LA n oj\r since we assume 0^ = id on 
a neighborhood, T, of ob D Crit/. 

We will now prove the opposite inclusion <j) l H (Lf) fl% C Lf C\ob- Suppose 
o p £ <j) l H {Lf) Hon. Then we have {4>\j)~ l {o p ) £ T/. 

Consider first the case p £ B. In this case since we assume <f> l H = id on a 
neighborhood of ob, it in particular implies o p = (4>h)~ 1 (°p) f° r au * an d hence 
o p £ os n Lf = Crit /. 

Now we will show that p cannot lie m N\B. Suppose p £ TV \ B to the contrary 
and write 
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for some p' G N. Therefore 

d(o p ,df(p')) = d(o p , (0ff)^ 1 (o p )) < osc c o(0^; o N ), 

Furthermore we also have \df(p')\ < d(o p , df(p')) by Lemma [9.21 since Graph (if C 
D r (T*N). Therefore we have shown 

\df( P ')\ < oscco^on) < Cr (f; N \ B,T). (9.5) 

This in particular implies (4'h)~ 1 ( p) = df(p') must lie in Graph df\s C T for 
otherwise \df(p')\>C^{f;N\B,T) by definition of Cf (/; N \ B, T) which would 
contradict to (|9.5p . 

This in turn implies (<AhO _1 (°p) G T. But 0^ is assumed to be the identity map 
on T and hence follows 

o p = {<f>\ I )-\o p ) = df{p'). 

In particular df(p') G oat and so p' £ Crit/ and hence o P ' = df(p'). This implies 
p = p' and so d(p, Crit /) = 0, i.e., p G Crit / C B, a contradiction to the hypothesis 
p g JV\B. 

Therefore p cannot lie in N \ B and hence proves o p € ob (~\ L f = Crit / for any 
o p G <f) l H (Lf) n oat. This then finishes the proof of the first statement 

L / noj V = ^(i/)nojv. (9.6) 

To prove the second statement, we recall the definition 

^«-(t)=^ #/off ((^ #/o J- 1 (p)) 

and so 2^ #* 07r (l) = p. But we have df(p) = and = o p since 

p G <j)\j{Lf) n o w = L/ n ojv C o B n Crit/ 

and <^ = ic? near p. Therefore 

{^H^rHop) = (^ur 1 ^)- 1 ^) = op. 

On the other hand <^ H = id on a neighborhood T/ D os in T*iV since we assume 
supp tpH nog =0. Therefore 

z H#fony.j = ( / > t H#fon ((<j > l H#fon )- 1 (op)) = ^ #Jo7r (Op) 
= 0Jj(#oir(°p)) = ^(°p) = °P 

since d/(p) = and 0#(o p ) = o p for all i G [0, 1]. This finishes the proof. □ 

Remark 9.1. We would like to mention that in the above proof, the choice of the 
neighborhood T[ may depend on z's and so may not be able to choose a uniform 
neighborhood T' independent of i's. 

Motivated by the proof of this proposition, we introduce a collection, denoted 
by C ™iti N: > B i T ) c C°°(N), of Morse functions / satisfying the condition in this 
lemma. We define the subset C™ it (N; B) C C°°(N) to be the union 

C™ it (N;B)=\JC™ it (N;B,T). 

T 

It is easy to check that C™ it (N; B,T) ^ for any such T D ob by considering the 
A/ for a sufficiently small A > for any given Morse function / with Crit / C Int B. 
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Lemma 9.4. For any f £ C™ it (N; B, T), the constant Cf (/; N\B,T) satisfies 
Cr(Xf;N\B,T)= min \d(Xf)(p)\ (9.7) 

p£N\B 

whenever A is so small that 

min |d(A/)(p)|<d H (JV\T,Crit/). 

p£N\B 

In particular, we have 

ACT (/; N\B,T) = Cf (A/; N\B,T) 

for such X 's. 

Proof. First note that 

min \Xdf(p)\ = X nun |d/(p)| -> 

p£N\B pGN\B 

as A —s- but dn(N \ _B, Crit(A/)) is independent of A. Therefore the minimum in 
the definition 

Cf (A/; N\B,T)= mini min |d(A/)(p)|, d H (iV \ 5, Crit(A/)) 

is realized by min pe jv\B M(A/)(p)| for all sufficiently small A. Then the lemma 
follows. □ 

The following proposition is a crucial ingredient of the proof, which is a variation 
of Proposition 2.6 |Osj . Proposition 3.3 |EPj . Proposition 3.1 [Uj and Proposition 
2-3 [Siyl. 

Proposition 9.5. Let H £ VC™ C in T*N such that 

supp^ Do B = 0. (9.8) 
Take any f E C^ it (N;B) such that 

osc c o(^;o N ) < Cr(f;N\B,T). (9.9) 

TTien 

1) - [pt]#) < 2osc/. (9.10) 

Proof. Denote Lf :— Graphd/, L t — ^(Lf) = (Graph df). Note that the 
condition (|9.8p implies 

ff t | B = c B (t) (9.11) 

for a function cb = cs(f) depending only on t but not on x E B. 
The following lemma is the analogue of Lemma 5.1 |Osj . 

Lemma 9.6. 

p la9 (H#f; 1) - p la9 (H#f; \pt]*) < osc/. (9.12) 
Proof. By the spectrality of p la9 (-, 1) in general, we have 

p^(F#/o7r;l) = ^ #/o7r) (z p H#/07r ) , 

P^Wo^i]*) = A (H#fon) (zp* f °*] 
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for some p± G Lf n on- Using the second statement of Lemma 19.31 we compute 

Ad ( H#fon\ _ acI ( 7 H#foTr\ 

•*(i?#/°7r) [ Z P+ ) ■ /t (H#/o 7 r) [ z p- J 

(H#fan)(t, P+ )dt+ f (H#f°n)(t,p-)dt 
Jo 

c B (t)dt- f( P+ )+ f c B (t)dt + f(p_) 
Jo 

= -f(p+) + f(P-)< max / - min / = osc/. 
Here for the equality in the line next to the last, we use the identity 

(H#f o 7r)(t,p±) = H(t,p±) + f(^ H (p±)) = c fl (t) + f(p±). 
This finishes the proof. □ 

On the other hand, we have 

4>H{Lf) = (t>H((t>f 07r (o N )) = 4> x H#fov {o N ) 

and so by the triangle inequality, Proposition 17.51 

^(tf#(/o7r);l) > p la *{H;l)-p la9 {-fo-K;l) 
fh>{H#{fo*);lpt]*) < p lag (H;{pt}#)+p la 3(fon;l). 

(One can also use Proposition 17.61 using the concatenation H * (/ o n) instead. 
Here / o n is not boundary flat, which is required in Proposition 17. 6[ but one can 
always reparameterize the flow t H> 0j O7r by multiplying ~x!(t) to / o ir so that the 
perturbation is as small as we want in L( 1,oc )-topology which in turn perturbs p 
slightly. See Lemma 5.2 [Ohi) . Remark 2.5 [MVZj for the precise statement on this 
approximation procedure, or Appendix of the present paper. This enables us to 
apply the triangle inequality in Proposition 17.61 in the current context.) 

Therefore subtracting the second inequality from the first and using the identity 

(h>{-f o tt; 1) = max/, p la S(f o tt; 1) = - min/ 

(see [?], [Ofi3] for its proof), we obtain 

p la9 {H#{J o tt); f ) - p la °(H#(f o tt); \pt}#) 
> p lag (H; 1) - p la9 (H; [pt]#) - (max / - min/) 

which in turn gives rise to 

p la s(H;l)-p la °(H;\pt}#) < p la9 (H#(f o tt); 1) - p lag (H#(f o tt); \pt}#) 

+ (max / — min /) 
< 2 osc/. 

We have finished the proof of the proposition. □ 
We now go back to the proof of Theorem 19.11 

Consider the elements Hi in the given sequence that satisfy (|9.8p . <f>jj. = id on a 
uniform T D ob, and the oscillation oscco (<A#. ; on) can be made arbitrarily small 
by letting i — > oo. 
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If oscco(<^. ; oat) = for all sufficiently large i's, we have <Ph (°n) — °n 
and so p laa (Hr, 1) - p la9 (Hr, [pt]*) = for which (pro)) obviously holds. There- 
fore we assume that there exists a subsequence, again denoted by Hi, such that 
osc c a(^.;ojv) ^ 0. 

Since supp <f>u i n ob = and (j) l H = on T for all i, and osc^o (0^-. ; on) — > as 
z — > oo, we have 

osc c o (<f>}j.;o N ) <Ci(f;N\B,T) 

eventually. Recall from Lemma 19.31 that the choice of / depends only on the ball 
B and the neighborhood T C B in T*N . Then we choose \ > such that 

osc c o ; 0JV ) = A(Cr (/; N\B,T) 

i.e., 

_ osc C o(<?!>]j.;ojv) 

A,: — 



Ci(f;N\B,T) 
Since oscco(0^. ; ojv) — > 0, Aj — >• 0. Obviously we have 

osc c o ; 0JV ) < (A< +e)C-(f;N\B,T) 
for all e > 0. Consider sufficiently large i's so that 

min \d(\if)(p)\ <d n (N\B,Cvitf) 

pGN\B 

and hence 

AiCT (/; N\B,T) = Cf (A,/; N\B,T) 

by Lemma T9. 41 

Now we /ke any such i. Lemma 19.41 also implies 

(Ai + e)Cf (/; N\B,T) = Cf ((A, + e)/; N\B,T) 

for all small e > such that 

min |(Ai +eW(p)| < d(JV\£f,Crit /). 

p£N\B 

For example, we can choose any e > so that 

0< £ < ^^/l (9.13) 
mm peiv \B \dj(p)\ 

Note that the upper bound does not depend on i's at all. 

Since (|9.10[) holds for any pair H, f that satisfy (|9 .8[) and (|9.9p . applying it to 
the pair (i/^, (Aj + e)/) for T D B chosen above independently of i's, we derive 

p la9 (H % ;l)~ p la9 (H % ;[pt]*) < 2osc((A, ; + e)f) = 2(A, + e) osc/ 

/ osc C o {^ Hi ;o N ) \ 

= 2 -5 + £ OSCJ. 

Since this holds for all £ > satisfying (|9. 13|) . it follows 

< p la9 m 1) - P la9 {Hi\ [pt]*) < 2 ( —0— ) osc c o(^ ; 0JV ) (9.14) 
letting £ — > 0. 

This inequality in particular finishes the proof of Theorem 19.11 □ 
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The following upper bound of the spectral capacity involving the C°-metric 
oscco(0^; on) has been obtained in the course of the above proof, which has some 
independent interest in its own right. 

Theorem 9.7. Let B C N be a closed ball and (T, /) 6 Tb- Consider the set of 
Hamiltonians H S "PC^ C satisfying supp 4>h C\ ob = and assume 

osc c o(^ H ; ON ) <C^(f;N\B,T). 

Then we have 

p la 9{H-l)-p l ^{H;[pt]#) < 2osc/ 

osc c o(^; 0jv ) " Ci(f;N\B,T)' 

The following question seems to be an interesting question to ask in regard to 
the precise estimate of the upper bound in this theorem. 



Question 9.2. For given H satisfying the condition in Theorem 19.71 what is an 
optimal estimate of the constant „_, 2 ,°f.'r „ _. in terms of B, T and HI For example, 

W (f;N\B,l ) 

can we obtain an upper bound independent of B or T? 
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